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Abstract
We study phase transitions induced by topological defects in compact
Abelian gauge theories of open p-branes in (d+1) space-time dimensions.
Starting from a massive antisymmetric tensor theory for the open p-branes
we show how the condensation of topological defects can lead to a decoupled
phase with a massless tensor coupled to closed (p−1)-branes and a massive
tensor coupled to open (p + 1)-branes. We also consider the case, relevant
in string theory, in which the boundaries of the p-branes are constrained to
live on a Dirichlet n-brane.
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Antisymmetric tensors of rank (p+1) ((p+1)-forms) have been widely studied in recent
years [1], [2], [3], [4], [5]. They arise naturally in constructing Abelian U(1) gauge theories
of elementary extended objects (strings, membranes,... ): a (p + 1) antisymmetric tensor
couples to elementary p-branes in the same way as the vector potential one-form in Maxwell
theory couples to elementary point-particles (0-branes). Antisymmetric tensors appear in
the eective eld theories for the low-energy dynamics of strings and in supersymmetric
theories [6].
As in the familiar case of QED [7], the compactness of the gauge symmetry implies
the existence of topological defects. These play a crucial role in gauge theories and can
lead to drastic modications of the perturbative infrared behaviour of a theory. Both U(1)
and R lead to the same perturbative expansion, but in the former case the condensation
of topological defects can generate a mass for the gauge elds and cause connement.
The topological defects are (d− p− 2)-dimensional extended objects representing the
world-hypervolumes of (d−p−3)-branes (instantons are (−1)-branes). The possible phase
diagram depends on the space-time dimension and on the dimension of the topological
defects. This can be easily seen if we think of compact QED: in 3 dimensions the topological
excitations are (−1)-branes (instantons); these are in a plasma phase for all values of
the coupling constant, leading to electric charge connement [7]. In 4 dimensions the
topological defects are 0-branes (monopoles) and they condense only above a critical value
of the coupling constant.
















where Bp+1 is the antisymmetric tensor eld, g is a dimensionless coupling constant, j
has dimension [m
d−2p−3




d+1(x− y()) dy1 ^ ::: ^ dyp+1 ; (2)
where y() are the coordinates of the world-volumes of the p-branes. The action (1) is
the same action as the one that describes the coupling of a Dirichlet p-brane to a (p + 1)
1
form [8]. We will consider the current Jp+1 as an external probe and ignore the action
governing its dynamics.
For p = 1 and d+1 = 4 (1) describes the classical interstring action for closed strings
[1]. The eect of the presence of topological defects in (1) has been studied in [4], [9] using
a lattice regularization in Euclidean space-time. By means of a duality transformation on
the lattice, (1) can be transformed into a theory formulated in terms of integer elds and
this formulation can be used to describe the interactions of topological defects. What has
been found [4] is that the theory is disordered (condensation of the topological defects)
for all couplings if d = p+1, while a critical non-zero coupling exists for d = p+2. When
the system is disordered, the eect of the condensation of the topological defects is the
connement of closed p-branes.
In this paper we are interested in considering the eects of topological excitations in





























where Ap is an antisymmetric tensor of rank p, e is a dimensionless coupling constant, m
is a mass parameter, and S is invariant under the combined gauge symmetry:
Bp+1 ! Bp+1 + dp ;









is itself gauge-invariant; for this reason we do not need the
current Jp+1 to be conserved, and we can couple the theory to open p-branes.
Again, for p = 1 and d+1 = 4, (3) describes the classical interstring action for open
strings [1], [9]. In this case dA is included to ensure gauge invariance at the end-points
of the open string. More generally, if we look at (1) we see that the coupling is invariant
only if the world-hypervolume of the p-brane has no boundary. The antisymmetric tensor
Ap couples to the boundary and restores gauge invariance.

































Ap ^ Jp+1 :
(5)
Here M indicates the full (d+1)-dimensional space-time, while  is an innitely extended
n-dimensional hypersurface in our space-time ((d + 1)  n) on which the boundary of the
open p-brane is constrained to live. In this case m has dimension [mass
n−d+1
2 ]. We recover
(3) when (d+1) = n. The action (5) is a generalization, in flat space-time, of the eective
action [10] for Type II superstrings in 10 dimensions in presence of a D-brane (a D-string

















(B2 + dA) ^  (B2 + dA) ; (6)
where  is the string coupling constant and g and g are the metrics on M and . D-branes
in Type II superstrings are BPS states that carry RR charges [8]. The necessity of objects
that carry RR charges comes from string dualities [11]. The end-points of open strings
are constrained to live on the brane. This is why the part of the action that contains the
U(1) gauge eld A, which couples to the boundaries of the open string, is dened on the
D-brane world-sheet. In our simplied model, the D-brane is considered as a submanifold
without dynamics on which the boundaries of the open p-branes are constrained to live.
This allows us to consider the the generic case of open p-branes ending on n-branes with
the only constraint (d + 1)  n  p, without taking into account consistency coming
from string theory [8] [12] [13] [14]. Note also that fermion zero-modes in supersymmetric
theories may crucially aect the dynamics of topological excitations [15].
We will start with the analysis of the rst model (3) and then come back to (5). In (3)
the tensor of higher-rank possesses a bare mass term. In fact, up to a gauge transformation,
we can rewrite (3) as a generalized version of the Proca Lagrangian for an antisymmetric








d Bp+1 ^ d Bp+1 + (−1)
pm2 Bp+1 ^  Bp+1
+ j Bp+1 ^ Jp+1 :
(7)
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In this formulation the higher-rank tensor Bp+1 has \eaten" the tensor Ap, which is a gen-
eralization of the familiar Higgs-Stu¨ckelberg mechanism for vector elds. Correspondingly,
(7) describes a generalized \Higgs" phase [9]. When (d+1) = 4 and p = 1 the integral over
B2 denes the action for the conning string J2 [5], [16]. What we want to do now is to
take into account the presence of topological defects in the theory with compact symmetry,
and study what the eects of their possible condensation are.
In general, when studying the eect of condensation of topological excitations, one
starts with a compact theory in the Coulomb phase. The condensation of topological
defects, when possible, disorders the system and generates a mass for the gauge eld.
We know from the Stu¨ckelberg mechanism [17] that the limit in which the mass goes to
zero in (7) is singular, because it introduces an additional gauge symmetry, not present in
the original theory. The presence of a massless pole in the propagator for the Bp+1 tensor,
in the limit m ! 0, can be seen by adding a gauge-xing term; in order to recover a
gauge-invariant theory in the limiting case, however, it is necessary that the tensor eld be
coupled to a conserved current, and in our case Jp+1 is not (current of open p-branes). As
we will see, there is also in this case the possibility of the appearance of a gauge-invariant
massless pole in the propagator of the Bp+1 tensor. What leads to the zero-mass limit in
our theory is the condensation of topological excitations; apparently, in this case, these
work in the opposite direction with respect to the general case by cancelling the mass for
the gauge eld Bp+1. As we will show, after the condensation of the topological defects,
the Bp+1 tensor couples automatically only to the transverse part of Jp+1; the longitudinal
part decouples and describes a generalized Coulomb gas. The transverse part represents a
conserved current and the theory is gauge-invariant.




































Here tp+2 and tp+1 are singular forms representing topological defects of charge q and s
[3], [5] associated with the two compact gauge elds Bp+1 and Ap:
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d+1 (x− ~y(~)) d~y1 ^ ::: ^ d~yd−r+1 : (9)
Here ~y(~1 ; :::; d−r+1) is an open hypervolume describing the generalization to higher-
dimensional topological defects of the Dirac string. The boundary of this hypervolume
describes the world-hypersurface of the topological defects.
Because the forms tr are singular, their treatment requires a proper regularization.
For vector elds we can think of Abelian compact gauge models as the low-energy eective
eld theory due to spontaneous symmetry breaking of a non-Abelian gauge group [7]. In
this case the mass acquired by the broken gauge elds becomes the cut-o for the low
energy theory. Another possibility is to use a lattice regularization, which is the route we
will eventually choose.
By integrating over the tensor eld Ap we obtain an eective action for the higher
rank-tensor Bp+1. When the topological defects of Ap are dilute, this eective action still
possesses a massive pole, while in the case in which these topological defects are in a dense






(dBp+1 + qtp+2) ^  (dBp+1 + qtp+2) : (10)
This is nothing else than the compact version of (1): the mass term for Bp+1 is no longer





; this expression can















Equation (11) is the sum of the degrees of freedom of the two massless free theories for the
two antisymmetric tensors Bp+1 and Ap: in (7) the tensor Bp+1 \eats" Ap and becomes
massive through the Higgs-Stu¨ckelberg mechanism. The condensation of the topological
defects of Ap prevents this mechanism.








we use the Hodge decomposition for the form Jp+1:
Jp+1 = dp + p+2 ;
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where  is the adjoint exterior derivative. The properties of the inner product between
forms and the fact that 2 = 0 tell us that dAp couples only to dp: (dAp; dp) =
(Ap; dp), where dp is the hypersurface which represents the boundary of the open
hypervolume Jp+1 and (,) denotes the inner product. In the eective action (10), as we
will show, the antisymmetric tensor Bp+1 couples only to the transverse part of Jp+1,
p+2, while the boundaries dp decouple and form a generalized Coulomb gas. This can
be represented as a Gaussian integral over a massless p-form Ap coupling to dp.
What happens if also the topological defects of Bp+1 condense? This can be studied
analogously by computing the eective action for JTp+1 obtained by integrating overBp+1.In
the dense phase we obtain a kernel, which can be represented as a Gaussian integral over
a new, massive, (p + 2)-form Cp+2 coupling to p+2. In this phase we thus obtain two









massless degrees of freedom, respectively.
In order to properly derive this mechanism in a specic case of (3), we consider a
Euclidean lattice regularization for the case p = 1, d+1 = 4. In this case Jp+1 = J2
describes the world-sheet of an open string, and its boundary is the closed world-line
described by the end-points of the open string.



















where B is the antisymmetric Kalb-Ramond tensor, F =
1
6 F is the dual of the
Kalb-Ramond eld strength, F = @[B], f = @A − @A is the Maxwell eld
strength, and we have renamed the mass parameter as ~m. Equation (12) is invariant under
the combined gauge transformation
B ! B + @ − @
A ! A − ~me :
(13)
The lattice we consider is a hypercubic lattice in four Euclidean dimensions, whose
sites are denoted by x, and lattice spacing l. The gauge elds, which are angular variables
for the compact theory on the lattice, are associated with the links (x; ) between the sites
x and (x + ^), where ^ denotes a unit vector in the direction  on the lattice. On the
lattice, we dene the following forward and backward derivatives and shift operators:
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df(x) 
f(x + ^l)− f(x)
l
; Sf(x)  f(x + ^l) ;
d^f(x) 
f(x) − f(x − ^l)
l
; S^f(x)  f(x − ^l) :
(14)
Summation by parts interchanges the two derivatives, with a minus sign, and the two shift
operators. We also introduce the three-index lattice operators [18]:
K = Sd ; K^ = d^S^ : (15)
These operators are gauge-invariant in the sense that:
Kd = Kd = d^K = 0 ;
K^d = d^K^ = d^K^ = 0 :
(16)
Moreover they satisfy the equations:
K^K! = KK^! = O! =
= − (! − !)r
2 +





!dd^ − !d d^

;







The expressions O! and M are lattice versions of the Kalb-Ramond and Maxwell
kernels, respectively, and r2 = dd^ = d^d is the lattice Laplacian.
The formulation of the theory on the lattice allows a quantitative analysis of the phase
diagram and the condensation conditions for the topological excitations. We consider a
































































The dual of F is expressed in terms of the K operator as: F =
1
2KB. The
integer elds ~a ; ~b and m ensure the periodicity under the transformations
7
A ! A +
2
l




with n and n 2 Z. The action in (18) possesses also the gauge symmetry (13) with
derivatives substituted by lattice derivatives d.
The last term in (18), the coupling with the world-sheet of an open string, plays the
role of the (non-local) order parameter, the Wilson \surface" WS , for the phase transitions
in the theory. J vanishes everywhere but on the plaquettes of the Wilson surface, where
it takes the value 1. The integer j represents the strength of the coupling. The most






and j = ~jp (20)
with p, q and ~j 2 Z and (p; q) coprime.
Now we decompose the integers ~a and ~b as
~a = l(d − d) + a ;
~b = lKm + b ;
(21)
and change variables B ! B + 2l m , A ! A +
2
l
. The sum over m and
 has the eect of shifting the integrals in the partition function from [−=l; =l] to
(−1;+1). We can now perform the Gaussian integrals over the gauge elds to compute




























































Here c = lKa is the physical integer degree of freedom that describes the topological
defects associated with the integer part of the Maxwell gauge eld. It describes closed (or
8
innitely long) strings of magnetic charge: d^c = 0. Note that, due to this constraint
and to the gauge invariance of  in (21), the set fc; g describes 6 integer degrees
of freedom, which are equivalent to the original antisymmetric integers ~a . The strings
b come, instead, from the integer part of B ; they can be either open or closed. The
parameter m = g ~m.
In order to establish the phase structure of the model, we need to analyse the con-
ditions for the condensation of the topological excitations. To this end we shall use the
same free-energy arguments as those adopted in the analysis of related (3+1)-dimensional
models [20] [21], in which the condition for the condensation of strings is established by
comparing their self-energy and their entropy.
The entropy of a string of length L = lN can be estimated using the theory of random
walks [22] as γN : the parameter γ is given roughly by γ = ln7, since at each step the string
can choose between 7 dierent directions. In a dilute instanton approximation, in which
all values c; b  2 are neglected, it can be proved that the correct value of γ is the same
for open and closed strings [23]. We will neglect all subdominant functions of N , such as
a lnN correction to the entropy. The free energy of a string of length L = lN carrying















where G(ml) is the diagonal element of the lattice kernel G(x−y) representing the inverse
of the operator (1 − r
2
m2
). Clearly, this diagonal element depends on the dimensionless
parameter (ml). Strings condense when the coecient of N becomes negative. This
condensation condition depends crucially upon the integer coprimes p and q: if p > q we









If q > p the opposite happens. We will concentrate on the former case, which is by far the
most interesting.



















































r2 J is the transverse projection of the J current. In (24) the longitudinal
degrees of freedom of J form a generalized Coulomb gas and are completely decoupled
from the transverse degrees of freedom. The transverse contribution can be obtained















while the Coulomb gas for the boundaries can be obtained from an action (1) with p = 0
(non compact QED) coupled to d^J . These two gauge theories for JT and d^J are
completely independent.
The monopoles Q are always in a plasma phase [7], [4] (which is not in contrast with
saying that the c strings condense rst, because it is their condensation that frees the
monopoles at the end-points of the b strings). In order to evaluate the eects of the
condensation of monopoles, we choose the external probe as J = ldJ + lK, with
J and  integer, so that JT = lK. Repeating Polyakov’s calculation [7], we see




−2g2j2  + ::: ; (25)
 is the dual of the volume form 3 that appears in the Hodge decomposition of the
current J so that (25) describes the volume law in the case of closed strings. This result
is correct in the limit in which the mass m generated by the monopole condensation [7] is













 + ::: :
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This term can be obtained starting from an action of type (7), with p = 2 and the identica-
tion J3 = 1, J3 = JT2 . The appearance of a massive 3-index tensor is an example of the
more general Julia-Toulouse mechanism [5] and can be interpreted as string connement.
After condensation of topological defects, our original gauge model for the interactions
of open 1-branes can be rewritten as the sum of two completely decoupled theories, one
formulated in terms of a massless vector that describes the interactions of 0-branes (par-
ticles) and the other formulated in terms of a massive 3-index tensor that describes the
interactions of open 2-branes (membranes).
This example can be easily generalized to the case of (d+1) dimensions and to generic
p. The topological defects will be, in general, objects with higher dimensions with respect
to the case in the example. For this reason, the condensation conditions will be much more
complicated. In the following we assume that there is a phase in which the topological de-
fects of the lower-rank tensor condense, and show that, in this case, the result is analogous
to the above example.





















































where e and g are still dimensionless coupling constants. F1:::d−p−1 = K1:::dBd−p :::Bd
is the generalization of the dual of the higher-rank tensor eld strength, with K1:::d =
S112:::dd (K^1:::d = 1:::d d^ S^d). The K operators satisfy the equation:
K^1:::rr+1:::dKr+1:::d1:::r = K1:::rr+1:::dK^r+1:::d1:::r = O1:::r1:::r =
= (d− r − 2)!(r + 1)!
h
−11 :::rrr





With a generalization of (21) we extend the integrals from [−; ] to (−1;+1) and,















































The terms that describe the coupling of Bp+1 to Jp+1 can be written as

















r2 is the transverse projection operator. As we can see from
(29), the higher-rank tensor couples only to the transverse part of the current Jp+1 and
not to its boundary.



































The action (30) describes the theory for a compact antisymmetric tensor of rank (p + 1)
coupled to a conserved current JT1:::p+1. The last term is a generalized Coulomb gas for
the boundaries of J1:::p+1 . Except for the last term, (30) is exactly the theory studied
in [4]. When the system is disordered, with the same steps as in the example, we can
rewrite the theory as the sum of two decoupled non-compact theories: one massless for
closed (p− 1)-branes and one massive for open (p + 1)-branes.


















































where M indicates that the rst sum is extended over the entire space-time, while 
indicates that the sum is dened on an n-brane. As we said before, we must have (d+1) 
n  p.
The topological defects associated with the lower-rank tensor live now on the n-brane.






























Again, these are the same result as in (30), the only dierence being that now the theory
for the boundaries is constrained to live on the n-brane. When the topological defects in
(32) condense we will have a theory for open (p + 1)-branes dened in all space-time M ,
and a theory for closed (p − 1)-branes on the n-brane.
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